Introduction
A uniform lattice is a discrete and cocompact subgroup in a locally compact topological group. In recent years, the investigation of lattices in the automorphism groups of locally finite polyhedral complexes with non-positive curvature has been an active topic of research. Many open problems and an overview of the current situation can be found in the survey [FHT09] .
This text describes a new geometric construction method producing buildings of typẽ A 2 andC 2 with a uniform lattice in their full automorphism groups. The advantages of this construction are very simple presentations for the lattices, very explicit descriptions of the buildings and a very good understanding how these lattices act on the building. Using the latter fact, we can calculate the group homology of these lattices.
The lattices act regularly, that is transitively and freely, on panels of the same type of the building. It is known that there are countably many buildings of typesÃ 2 and C 2 coming from algebraic groups over local fields, as well as uncountably many other so-called exotic buildings. For the buildings of typeC 2 , all but possibly one of the buildings we construct are certainly exotic.
In the case ofÃ 2 , this is not known yet, except for a single lattice which we can realise explicitly in Sl 3 (F 2 ((t))). If the building X we construct is classical, then there is an associated algebraic group G ≤ Aut(X). By a classical result of Tits in [Tit74] , the algebraic group G is always cocompact in Aut(X) and it is hence conceivable that our lattice (or a finite-index subgroup) is already contained in G. Then Margulis' Arithmeticity [Mar91] asserts that the lattice is arithmetic, that is, comes from an algebraic construction. Our construction would then provide simple presentations for arithmetic lattices, along with a very explicit description of the action on the building.
Details
For the construction, we use Singer polygons, generalised polygons with a point-regular automorphism group called a Singer group, to construct small complexes of groups. The local developments of these complexes of groups are cones over the generalised polygons we started with. These cones are automatically non-positively curved in a natural metric, so the complexes of groups are developable by a theorem of Bridson and Haefliger in [BH99] . Then, by a recognition theorem by Charney and Lytchak in [CL01] , we know that their universal covers are buildings. The fundamental groups of these complexes of groups are then uniform lattices on two-dimensional locally finite affine buildings.
In principle, our construction might even extend to lattices in buildings of typeG 2 , but unfortunately, there are no known Singer hexagons.
Previous constructions There are several previous geometric constructions of chamber-transitive lattices in buildings which led to the classification of all chamber-transitive lattices in classical buildings by Kantor, Liebler and Tits in [KLT87] , among these three lattices in buildings of typeÃ 2 .
Cartwright, Mantero, Steger and Zappa construct vertex-transitive lattices on buildings of typeÃ 2 in [CMSZ93a, CMSZ93b] . They prove that some of the lattices they construct are contained in Sl 3 (F q ((t))), while others correspond to exotic buildings.
In [Ron84] , Ronan constructs possibly exotic buildings of typeÃ 2 admitting a lattice acting regularly on vertices of the same type. Except for the single lattice mentioned above, it is not clear whether any of our lattices is commensurable to the lattices constructed by Cartwright-Mantero-Steger-Zappa or by Ronan. For buildings of typeC 2 , there is a free construction by Ronan in [Ron86] which produces very unstructured examples of exotic buildings, but which does not give any control over the automorphism groups. In [Kan86] , Kantor gives a construction of exotic buildings of typeC 2 admitting uniform lattices acting freely on vertices of the building. However, there are no presentations of these lattices given. Again, we do not know whether the lattices we construct here are commensurable to the examples given by Kantor. 
Buildings of typeÃ 2
For buildings of typeÃ 2 , we obtain the following result. Fix three projective planes of order q along with three Singer groups S i , i ∈ {1, 2, 3}, that is, groups acting regularly on points (and hence on lines) of these planes. For each of these planes, fix a point p i and a line l i and write Further examples can easily be constructed using the list of difference sets found in the La Jolla Difference Set Repository [LaJ] .
If we start from cyclic Singer groups, we obtain very explicit descriptions of the associated buildings. Using these, we can give explicit descriptions of the spheres of radius 2 in these buildings, which lead to an interesting incidence structure called a Hjelmslev plane of level two. Using a result of Cartwright-Mantero-Steger-Zappa in [CMSZ93b] , we show that the lattices from Theorem 0.2 cannot belong to the building associated to Sl 3 (Q p ) if ∆ 1 = ∆ 2 = ∆ 3 .
For the homology groups, we obtain the following result. 
for any lattice Γ i as in Theorems 0.1 or 0.2.
Buildings of typeC 2
For buildings of typeC 2 , we give two different constructions of panel-regular lattices, depending on the types of panels the lattice acts regularly on. We use slanted symplectic quadrangles as defined in [GJS94] for the vertex links. Since almost all of these quadrangles are exotic, we necessarily construct exotic buildings admitting panel-regular lattices.
Starting from a slanted symplectic quadrangle of order (q − 1, q + 1), where q > 2 is a prime power, we write J = {0, 1, . . . , q + 1} and consider a Singer group S acting regularly on points of the quadrangle. Fix the set of lines L through a point and a bijective enumeration function λ : J → L. All line stabilisers S l are isomorphic to Z/q, and we fix isomorphisms ψ j : Z/q → S λ(j) . We repeat this construction for a second quadrangle of order (q − 1, q + 1) and obtain a Singer group S and functions λ and {ψ j } j∈J .
Theorem 0. 4 The finitely presented groups
are uniform panel-regular lattices in buildings of typeC 2 .
• If q is an odd prime power, then S and S are three-dimensional Heisenberg groups over F q . If q is an odd prime, the above presentations can be made more explicit by writing out presentations for S and S .
• If q is even, then S and S are isomorphic to the additive groups of F 
Overview
This paper is structured as follows: In section 1, we introduce complexes of groups and the concept of developability, the universal cover and local developments, which we need for our constructions. We briefly introduce two-dimensional affine buildings in section 2 and state the metric recognition theorem by Charney and Lytchak. Singer polygons and, in particular, the explicit construction of slanted symplectic quadrangles and their Singer groups are treated in section 3. The construction of a complex of groups with cones over Singer polygons as local developments, which is central to this paper, is detailed in section 4. We construct the panel-regular lattices in buildings of typeÃ 2 andC 2 in sections 5 and 6, respectively. Finally, we calculate integral and rational group homology of these lattices in section 7.
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The author was supported by the Graduiertenkolleg: "Analytische Topologie und Metageometrie" while working on this topic. This work is part of the author's doctoral thesis at the Universität Münster.
Complexes of Groups
To fix the notation, we will collect some facts about complexes of groups, but our treatment will not be complete. For a reference, see, of course, [BH99, Chapter III.C]. We will also mostly use the notation of this book, except denoting vertices by v, w instead of σ, τ and changing the notation for the presentations of fundamental groups slightly.
Definitions
Definition 1.1 A small category without loops (scwol) is a set X which is the disjoint union of a vertex set V (X ) and an edge set E(X ) together with initial and terminal vertex maps i, t : E(X ) → V (X ). We denote by E (2) (X ) the set of pairs (a, b) ∈ E(X ) × E(X ) such that i(a) = t(b) and require the existence of a composition map E (2) (X ) → E(X ), (a, b) → ab, satisfying certain additional conditions, which will not be made explicit here.
Associated to any scwol X there is the geometric realisation |X |: a piecewise Euclidean complex whose vertices are in bijection to V (X ) and whose k-simplices correspond to k-chains of composable edges in E(X ). For any vertex v ∈ V (X ) we denote the closed star of v in |X | by St(v). The open star or residue is denoted by st(v).
given by the following data:
with certain compatibility conditions. Throughout this paper we will only consider finite vertex groups.
If a group G acts on a scwol X , there is a natural way to construct a quotient complex of groups G\\X over the quotient scwol G\X . This construction assigns the vertex stabilisers as local groups. A complex of groups is called developable if it is isomorphic to a quotient complex arising in this fashion.
The notation in the following definition differs from the one in [BH99] . In addition, we simplified the presentation slightly. It is very easy to see that this definition is equivalent to the one in the aforementioned book.
Definition 1.3 Let G(Y) be a complex of groups. We consider the associated graph with vertex set V (Y) and edge set E(Y). Choose a maximal tree T in this graph. The fundamental group π 1 (G(Y), T ) of G(Y) with respect to T is generated by the set
subject to the relations in the groups G v and to
It can be shown that fundamental groups associated to different maximal trees are isomorphic. We will hence omit T usually and we will write simply π 1 (G(Y)). The importance of complexes of groups for the construction of lattices comes from the following assertion. 
with initial and terminal vertex maps
Composition is defined as follows
These edges are composable if a, b are composable and
Remark If Y is finite, the fundamental group acts cocompactly on the geometric realisation of X , all vertex stabilisers are finite. If the scwol Y is locally finite, so is the universal cover X . The automorphism group of the geometric realisation |X | is then a locally compact group with compact open stabilisers. The fundamental group π 1 (G(Y)) is discrete and hence a uniform lattice in Aut(|X |).
Developability and non-positive curvature
However, not all complexes of groups are developable. If the polyhedral complex |Y| is endowed with a locally Euclidean metric then there is a criterion for developability assuming non-positive curvature on a local development, as defined in [BH99, III.C.4.20].
To ease reading of this paper, we duplicate the construction of the local development here. The reader is assumed to be familiar with the non-positive curvature conditions CAT(0) and CAT(1). A very good introduction can be found in [BH99, II] .
Two auxiliary concepts -the lower and the upper link -are required for the definition of the local development. 
Since all scwols in this paper are at most two-dimensional and hence the scwols Lkṽ(Y) are at most one-dimensional, we omit the definition of the composition of edges.
We also need the definition of the lower link.
we do not define composition of edges.
We will not define the join of scwols formally, it is enough to know that the geometric realisation of a join is affinely isometric to the (simplicial) join of the geometric realisations of the two scwols involved. There is a natural projection of St(ṽ) onto the closed star St(v) of the vertex v. Assume that the geometric realisation |Y| of Y is endowed with a locally Euclidean metric. Then St(v) is endowed with the induced metric, and we can endow St(ṽ) and its subspace st(ṽ) with a locally Euclidean metric such that the aforementioned projection is isometric on every simplex. Hence we have a precise understanding of the local structure of the universal cover, even though the global structure may be complicated. 
Two-dimensional affine buildings
In this section, we will briefly introduce spherical and affine buildings. For general introductions to the topic, see [Bro89] or [Ron89] . Furthermore, we will cite a criterion by Charney and Lytchak to recognise affine buildings by their metric properties. 
Definitions
In this paper, we will only consider Coxeter groups of typesÃ 2 ,C 2 and I 2 (n) with the following Coxeter diagrams
Coxeter complexes are the basic ingredients we require for the definition of buildings.
Definition 2.3
The set of all cosets of special subgroups • If the Coxeter diagram is affine, in particular in the casesÃ 2 andC 2 (see [Wei09] for
a complete list of affine diagrams), there is a natural geometric realisation of Σ(W, S) as a triangulated Euclidean space R r−1 . There is hence a piecewise Euclidean metric on |Σ(W, S)|, and W is said to be affine or irreducible Euclidean.

Definition 2.4 A simplicial complex X together with a collection of subcomplexes A called apartments is a building if
• Every subcomplex A ∈ A is a Coxeter complex.
• Every two simplices of X are contained in a common apartment.
• For any two apartments A 1 , A 2 ∈ A containing a common chamber, there is an isomorphism
The building X is called thick if every panel is contained in at least three chambers. The axioms force all apartments to be isomorphic, there is, in particular a unique Coxeter group W associated to X. Again, if W is spherical or affine, we say that X is spherical or affine.
Remarks A building of type I 2 (n) is called a generalised n-gon. These can also be described in a more explicit fashion, see Definition 3.1.
There is a colouring of the vertex set of X by the elements of S. The link of every vertex of X is a building of the type obtained by removing the vertex colour from the generating set S. For the buildings of typeÃ 2 andC 2 , this implies that vertex links are generalised polygons.
Buildings as metric spaces
The natural metric on |Σ(W, S)| extends to a natural metric on |X|. If W is spherical (affine), then |X| is hence a piecewise spherical (Euclidean) simplicial complex.
Theorem 2.5 (Proposition 2.3 in [CL01]) The canonical realisation of a spherical building is CAT(1) and has diameter π. The canonical realisation of an affine building is CAT(0). For every vertex v in an affine building X, the geometric link lk(x, |X|) is a spherical building and the induced metric coincides with the natural building metric.
It turns out that spherical and affine buildings can be recognised by their metric properties. This is the content of a paper by Charney and Lytchak, see [CL01] . We will only require the following result, which is a special case of a result in this paper.
Theorem 2.6 (Theorem 7.3 in [CL01]) Let X be a connected two-dimensional piecewise Euclidean polyhedral complex satisfying the following conditions:
• X is CAT(0).
• Every 1-cell is contained in at least three 2-cells.
• The geometric link of every vertex is connected and has diameter π.
Then X is an irreducible two-dimensional Euclidean building or a product of two trees.
Exotic buildings
The classification of affine buildings (due to Bruhat and Tits, see the book by Weiss [Wei09] ) asserts that all affine buildings in dimension 3 and higher come from algebraic data such as an algebraic group over a local field. In dimension 2, there is a free construction of other, exotic buildings by Ronan in [Ron86] which is very general but provides no control over the automorphism group. This construction in particular implies that there cannot be any hope to classify these buildings, because any classification would have to include the classification of all projective planes and generalised quadrangles.
In a locally finite affine building of typeÃ 2 , the number q + 1 of chambers containing a common panel is constant throughout the building. For every prime power q = p e , there are two classical buildings associated to the projective special linear groups over either a finite extension of the p-adic numbers Q p or over the Laurent series field F q ((t)). However, there are many more so-called exotic buildings of typeÃ 2 , some with very large automorphism groups. In [vM90] , for example, van Maldeghem constructs exotic buildings of typeÃ 2 with a vertex-transitive automorphism group.
The situation is similar in the case of buildings of typeC 2 . Here, there are more different types of classical buildings, but again there are uncountably many exotic buildings of typẽ C 2 . In [Kan86] , Kantor constructs exotic buildings of typeC 2 with a large automorphism group.
Singer polygons
We will construct complexes of groups whose universal covers are two-dimensional buildings. We will do this by prescribing the vertex links, which are generalised polygons. The main ingredients for our constructions are generalised polygons admitting Singer groups.
Definition 3.1 A generalised n-gon is an incidence structure I = (P, L, F) whose associated incidence graph has diameter n and girth 2n. The associated simplicial complex with vertex set P L and with 1-simplices F is a spherical building of type I 2 (n) in the sense of section 2.
Definition 3.2 A Singer polygon is a generalised polygon which admits an automorphism group acting regularly, that is transitively and freely, on its points, a so-called Singer group.
We will investigate examples for Singer polygons in the following sections.
Bipartite graphs
A generalised 2-gon is just a complete bipartite graph.
Lemma 3.3 Any group of order k acts point-and line-regularly on a bipartite graph of order (k, k).
Proof Identify the sets of points and lines of the bipartite graph each with the elements of the group and consider the left regular representation on both sets.
Projective planes
A generalised triangle is a projective plane. A projective plane is classical if it is the usual projective plane over a division ring. The following classical result gives rise to the name of Singer groups.
Theorem 3.4 (Singer, [Sin38]) Every finite classical projective plane admits a cyclic Singer group. A generator of such a group is called a Singer cycle.
It is conjectured that, conversely, every finite projective plane even admitting a group acting transitively on points is already classical. This seems to be difficult to prove, see [Gil07] for a recent contribution. It is not even known whether a projective plane with an abelian Singer group must be classical. On the other hand, all Singer groups on finite classical projective planes are classified by Ellers and Karzel: There is a divisor n of 3e such that n(p e − 1) divides p 3e − 1 and S can be presented in the following way:
and t = 
Generalised quadrangles
There is no classification of all Singer quadrangles known to the author. However, there is a list of all Singer quadrangles among all known finite generalised quadrangles, see the book [STdW09] . All known Singer quadrangles except one arise by Payne derivation from translation generalised quadrangles and symplectic quadrangles.
Since we require rather explicit descriptions of the quadrangles, we consider only a large class of examples, the so-called slanted symplectic quadrangles. For a detailed investigation of these quadrangles, see [GJS94] and [Str03] .
Definition 3.7 Fix a prime power q > 2. Let V = e −2 , e −1 , e 1 , e 2 be a four-dimensional vector space over the finite field F q endowed with the symplectic form h satisfying
The polar space consisting of all nontrivial totally isotropic subspaces of V , that is, subspaces U satisfying U ⊆ U ⊥ , forms a generalised quadrangle, called the symplectic quadrangle W (q). More specifically, set
We denote the full symplectic group by Sp 4 (q), which is the group of all linear maps preserving h, and we fix the following notation • If q is odd, then E is a three-dimensional Heisenberg group over F q . If q is prime, we have the following simple presentation: Payne derivation We will give a definition of Payne derivation as described in [STdW09] . The same procedure is called slanting in [GJS94] . We write p ∼ r for collinear points p and r. Then we define
Definition 3. 9 The slanted symplectic quadrangle W (q) ♦ is given as follows:
• 
The following characterisation will be used later on to construct lattices in buildings of typeC 2 . 
The line stabilisers have the form
In particular, all line stabilisers are isomorphic to the additive group of F q . If q is an odd prime, the line stabilisers have the form
as F q -subspaces in F 
A local complex of groups construction
Using Singer polygons, we will now construct a complex of groups whose local development at one vertex is a generalised polygon. With this local piece of data, we will later construct complexes of groups whose local developments are buildings. 
where we mean i(x ← y) = y and t(x ← y) = x, of course.
The geometric realisation of this scwol is isomorphic as a simplicial complex to the barycentric subdivision of the geometric realisation |I| of the generalised polygon.
Notation Let I = (P, L, F) be a Singer polygon with Singer group S. Fix a point p ∈ P and a set L of line representatives for the S-action on L. For all lines l ∈ L, we consider the sets
This is a partition of the set of all flags containing p, which we denote by
In particular, the set F is a set of representatives of flags for the S-action on F.
Construction Let a complex of groups G(Y) be given. Let v ∈ V (Y) be a minimal element (that is: no edges start in v), and assume that the closed star of v in Y, denoted by Y(v), has the following structure:
Again, we will write the edges in the following suggestive fashion:
The scwol Y(v) can be visualised as in Figure 1 . The left image shows the full complex Y(v), while the right picture illustrates the upper link of the vertex v. In addition, assume now that the vertex groups in G(Y) are as follows
that the monomorphisms are the obvious inclusions and that the twist elements are
The significance of this construction lies in the following
Proposition 4.2 The local development Y(ṽ) isomorphic to the cone over the scwol Z(I).
Proof Since v is a minimal element in Y, by Definition 1.7, we have Y(ṽ) = {ṽ} * Lkṽ(Y). By the construction of the scwol Lkṽ(Y) in Definition 1.5, we have
For the edge set, we obtain
which is in bijection to the set of edges E(Z(I)) via
The twist elements precisely guarantee that these bijections commute with the maps i and t, respectively. We have
where we use Definition 1.5 for the maps i and t. So Lkṽ(Y) ∼ = Z(I).
Note that the special situation is always simpler. Generalised quadrangles For slanted symplectic quadrangles of order (q − 1, q + 1), there are q line orbits, hence |L| = |F | = q. For simplicity, we choose the set L to be the set of all lines incident to p. Then we have
Bipartite graphs
We endow the geometric realisation |Y| with a piecewise Euclidean metric such that the angles between v ← p and v ← f as well as the angles between v ← f and v ← l are π/2n for all lines l ∈ L and all flags f ∈ F . Proof By Proposition 4.2, the local development Y(ṽ) is isomorphic to the cone over the scwol Z(I). By Definition 1.11, the polyhedral complex structure on lk(ṽ, Y(ṽ)) is then the barycentric subdivision of I. By construction, the angles at the vertexṽ are π/2n. Since the edge length in the geometric link lk(ṽ, st(ṽ)) is given by the angles, the geometric link is hence isometric to the barycentric subdivision of |I| with the natural metric of a generalised polygon. The CAT(1) condition follows from Theorem 2.5.
Lattices in buildings of typeÃ 2
In this section, we will give a construction of small complexes of groups whose universal covers are affine buildings of typeÃ 2 . We will first state a general construction. Later, we specialise to cyclic Singer groups to obtain lattices with very simple presentations. For these special lattices, we investigate the structure of spheres of radius 2 in the corresponding buildings.
A general construction of panel-regular lattices in buildings of typeÃ 2
For the whole construction, we fix three finite Singer projective planes I 1 , I 2 and I 3 of order q with three (possibly isomorphic) Singer groups S 1 , S 2 and S 3 . Note that the projective planes need not be classical, even though this is likely in view of what we have said in section 3.2. By Proposition 3.6, these Singer groups act regularly on lines as well.
As in section 4, we obtain a difference set for each of these groups by choosing a point and a line in the corresponding projective plane. We denote these three difference sets by 
Choose the three vertex groups G vα to be isomorphic to S α for α = 1, 2, 3. All other vertex groups are trivial. The twist elements are defined as follows:
We endow |Y| with a locally Euclidean metric as follows:
Let ∆ be the geometric realisation of one triangle in the affine Coxeter complex of typẽ A 2 . For each j ∈ J, we map each subcomplex spanned by {v 1 , v 2 , v 3 , e 1 , e 2 , e 3 , f j } onto the barycentric subdivision of ∆ in the obvious way and pull back the metric. We obtain a locally Euclidean metric on |Y|. In particular, the angles at every vertex v α are π/3.
Proposition 5.1 The complex of groups G(Y) is developable.
Proof We want to apply Proposition 1.12, so we have to check that the geometric link of every vertex in its local development is CAT(1).
For any vertex v α , the subcomplex Y(v α ) obviously has the appropriate structure for the construction in Section 4. By construction, the induced complex of groups has the right form to apply Proposition 4.2, and we obtain that Y(ṽ α ) is isomorphic to the cone over the scwol Z(I α ). Then, by Proposition 4.3, the geometric link Lk(ṽ α , st(ṽ α )) is CAT(1).
For any vertex e β , by Definition 1.7 the local development has the form
The lower link Lk e β (Y) is isomorphic to the scwol consisting of just two vertices {v α : α = β}, the upper link of the local development Lkẽ β (Y) is isomorphic to a scwol consisting of the vertices {f j : j ∈ J}. The geometric realisation of the local development is hence isometric to q + 1 triangles joined along one edge. In particular, the geometric link is CAT(1).
The upper link of the local development Lkf 
Proposition 5.2 The fundamental group Γ of the complex G(Y) admits the following presentation:
We show in Theorem 5.6 that D α and d α can always be chosen such that d α (0) = 1, which simplifies this presentation even further.
Proof Consider the following maximal spanning subtree T :
By taking a look at Definition 1.3, we obtain a presentation of Γ with generating sets S 1 , S 2 and S 3 and generators for all edges of the scwol Y not contained in T . The relations imposed are first of all the relations from the groups S α . For the relations of the form Figure 3 showing the j-th triangle in the complex of groups G(Y). There, black arrows indicate edges contained in T and all other edges are drawn dotted. Group elements g written on dotted edges a indicate that k a = g.
Figure 3: One triangle in G(Y)
All edge elements but k v 3 ←e 2 have already been replaced by elements in the groups S α . For k v 3 ←e 2 , we obtain the relation k v 3 ←e 2 = d 1 (j)d 2 (j)d 3 (j) for all j ∈ J. Since this edge is contained in all triangles for all j ∈ J, we obtain the additional relations for all pairs of triangles. All other relations from Definition 1.3 do not show up here, since almost all vertex groups are trivial. 2 , where the vertex links are isomorphic to I 1 , I 2 and I 3 . The fundamental group Γ = π 1 (G(Y)) with presentation
Theorem 5.3 The universal cover X is a building of typeÃ
is hence a uniform lattice in the full automorphism group of the building. The set of all chambers containing a fixed panel is a fundamental domain for the action.
Proof
The universal cover |X | is a simply connected space which is locally CAT(0). So by [BH99, II.4.1], the space |X | is CAT(0). Consider the space |X | as a polyhedral complex consisting only of simplices where each cell is the preimage of subscwols spanned by {v 1 , v 2 , v 3 , e 1 , e 2 , e 3 , f j } j∈J . The vertices of this polyhedral complex are the preimages of the vertices v α of X . This is, a priori, not a simplicial complex since the intersection of two simplices might not be a simplex.
However, in view of Theorem 2.6 it remains to see that |X | is thick and that the geometric links of all vertices are connected and have diameter π. Thickness of |X | is clear by construction. Again by Proposition 4.3, the geometric link of every vertex is connected and of diameter π.
By Theorem 2.6, the geometric realisation |X | is then either a two-dimensional affine building or a product of two trees. Of course, the universal cover cannot be a product of trees and it has to be of typeÃ 2 , since all vertex links are projective planes.
Remark Unfortunately, there are many examples of buildings of typeÃ 2 . It is clear that X has an automorphism group which is transitive on vertices of the same type, but there are known examples of non-classical buildings with vertex-transitive automorphism groups, see [vM90] . However, some information can be obtained by considering spheres of radius 2 in X and comparing these to corresponding spheres in the classical buildings of typeÃ 2 associated to Q p and F p ((t)), respectively. We will explicitly calculate these spheres of radius 2 in section 5.4. Construction Since we know that |X | is a building, it is a flag complex. By using the construction of the universal cover in section 1, we obtain a very explicit description of the building as the flag complex over the following graph X:
where
. Note again that we can choose D α and d α such that k = 1 by Theorem 5.6 to obtain a symmetric description.
Remark Finally, it is not clear in which way the building X and the lattice Γ depend on the given data, namely on the Singer groups S α , on the difference sets D α and on the ordered difference sets d α . In section 5.3, we give examples where different orderings d α lead to non-isomorphic lattices. We do not know whether the lattices arising from different orderings are all commensurable. In addition, it is not even clear whether this construction can lead to different buildings for fixed projective planes.
Several strong properties of these lattices can be obtained without knowing the exact building they act on.
Remark By unpublished work of Shalom and Steger, lattices in arbitrary buildings of typeÃ 2 follow a version of Margulis' normal subgroup theorem. In particular, the lattices Γ are almost perfect, their first homology group is finite. For the special case of lattices generated by cyclic Singer groups, one can calculate group homology quite explicitly, as we show in section 7.
In addition, by using the so-called spectral criterion, one can see that these lattices have property (T).
Proposition 5.4 (Cartwright-Młotkowski-Steger, Żuk) All cocompact lattices in buildings of typeÃ 2 have property (T).
Proof See [CMS94] or [Żuk96] . An detailed description of the latter result can be found in [BdlHV08] .
The Classification of panel-regular lattices and simple properties
In this section, we will classify all panel-regular lattices on locally finite buildings of typeÃ 2 . In this process, we will show that, actually, the examples from the last section cover all possible lattices, and that the presentations can even be simplified to a more symmetric form. We start with a simple observation.
Lemma 5.5 Let X be a locally finite building of typeÃ 2 . Let Γ ≤ Aut(X) be a lattice acting regularly on one type of panel. Then Γ already acts regularly on all types of panels.
Proof Let v, w, u be the vertices of a chamber in the building. Assume that Γ acts regularly on the panels of the same type as the panel (v, w). In particular, the vertex stabiliser Γ v is a group acting regularly on points (or lines) of the finite projective plane lk X (v). By Proposition 3.6, Γ v then also acts regularly on lines (or points) of lk X (v), hence Γ also acts regularly on the panels of the same type as (v, u) . By repeating the argument, we see that Γ acts regularly on all types of panels.
In particular, the lattice Γ acts transitively on vertices of the same type, which implies that vertex links of vertices of the same type are isomorphic. There are hence three finite projective planes of the same order, denoted by I 1 , I 2 and I 3 associated to X. Pick a chamber in X with verticesv 1 ,v 2 andv 3 . By the same argumentation as before, the three vertex stabilisers Γv 1 , Γv 2 and Γv 3 are then Singer groups on the vertex links and we denote these by S 1 , S 2 and S 3 . In the following, we write J = {0, 1, . . . , q}. 
Proof Consider the canonical scwol X associated to the building. Choose a vertex f 0 ∈ V (X ) corresponding to a chamber in X. Denote the vertices corresponding to vertices of the chamber byv 1 ,v 2 andv 3 and the vertices corresponding to panels of the chamber byē 1 ,ē 2 andē 3 . Choose q chambers representing the other Γ-orbits of chambers and denote the corresponding vertices in X byf 1 , . . . ,f q . Now we construct a quotient complex of groups following [BH99, III.C.2.9]. For this, note that, since the Γ-action is regular on panels, the vertices we just named form a system of representatives for all orbits of vertices of X . It is not hard to see that the quotient scwol then has the following structure
where we denote the orbits of vertices by removing the bar. The quotient scwol is also shown in Figure 4 for q = 2. 
.9]. For every edge a ∈ E(Γ\\X ), there is precisely one preimageā ∈ E(X ) satisfying i(ā) = i(a), but in general t(ā) = t(a). We choose h a such that h a (t(ā)) = t(a).
We first consider the edges of the form v α ← e β . For these, we obviously have h vα←e β = 1. Now consider the edges of the form e β ← f j . There is exactly one preimage ē β ←f j , whereē β is in the orbit e β . Since the Γ-action is regular on panels, there is exactly one element h e β ←f j ∈ Γ satisfying h e β ←f j (t(ē β ←f j )) =ē β .
For edges of the typev α ←f j , wherev α is in the orbit v α , set h vα←f j = h e β ←f j where
The other twist elements then necessarily form three ordered difference sets d α as follows
since the element h e β ←f j h −1 e β−1 ←f j transports the unique vertex in the orbit f j adjacent toē β−1 to the unique vertex in the orbit f j adjacent toē β . Since the vertices {v 1 ,v 2 ,v 3 ,ē 1 ,ē 2 ,ē 3 ,f 0 } span a subcomplex, we have
By the same calculation as in the proof of Proposition 5.2 we obtain the required presentation.
Remark In particular, this means that any lattice constructed as in section 5.1 admits a presentation as in Theorem 5.6. This will simplify our considerations in the following sections.
Corollary 5.7 In this situation, the building X is isomorphic to the flag complex over the graph with vertices
V (X) = Γ/S 1 Γ/S 2 Γ/S 3
and edges E(X) = {(gS 1 , gS 2 ), (gS 2 , gS 3 ), (gS 3 , gS 1 ) : g ∈ Γ}
Lattices generated by cyclic Singer groups
In this section, we start with cyclic Singer groups to obtain very simple lattices. Let I be the classical projective plane of order q. Take three cyclic Singer groups S α of I of order q 2 + q + 1 with respective generators σ α . We choose the points and lines for the construction of the difference sets D α to be incident, such that 1 ∈ D α . We write
The sets of numbers ∆ α are then difference sets in the classical sense. In addition, we choose bijections δ α : J = {0, 1, . . . , q} → ∆ α satisfying δ α (0) = 0. If we apply the construction from section 5.1, we obtain the following very simple presentation. 
is a uniform lattice in a building of typeÃ 2 .
Examples We give explicit presentations for three lattices in the two smallest cases. More difference sets ∆ can be obtained from [LaJ] .
1. For q = 2, we choose all difference sets to be ∆ = {0, 1, 3}. We obtain the lattice
It can easily be seen that
2. By changing the order of the first difference set, we obtain a new lattice which is not isomorphic to the first one.
For the abelianisation, we obtain H 1 (Γ 2 ) ∼ = Z/7.
3. For q = 3, we choose the difference set ∆ = {0, 1, 3, 9}. We obtain Here, we have H 1 (Γ 3 ) ∼ = (Z/13) 2 .
For q = 5, it is possible to construct perfect lattices with this method.
Remark In [KMW84], Köhler, Meixner and Wester showed that the following group is a chamber-regular lattice in the building associated to Sl 3 (F 2 ((t))):
It is not hard to verify that the subgroup generated by a −1 b −1 , bc −1 and ca is isomorphic to the lattice Γ 2 from the example above.
Computer searches done by the author using [SAG] and [GAP] have not yielded any embeddings of our lattices in Sl 3 (F q ((t))) for q > 2 yet.
Spheres of radius two
For any vertex of an affine building of typeÃ 2 , the combinatorial sphere of radius one, usually called the link, forms a projective plane. The spheres of larger radii also admit interesting incidence structures, the so-called Hjelmslev planes, see [HvM89] . It is a well-known fact that the two families of classical buildings of typeÃ 2 associated to the groups PSl 3 (Q p ) and PSl 3 (F p ((t))) can already be distinguished by inspecting spheres of radius two, respectively Hjelmslev planes of level two.
We will use a criterion by Cartwright, Mantero, Steger and Zappa, see [CMSZ93b, section 8] , to distinguish between these two affine buildings. Consider the following construction.
Denote the type set of a building X of typeÃ 2 by {1,2,3}. Fix a chamber c 0 and denote its vertices of type 1, 2 and 3 by v 1 , v 2 and v 3 , respectively. Denote by P and L the sets of vertices adjacent to v 1 of types 3 and 2, respectively. Then of course P and L with the adjacency relation in the building form a projective plane. Now consider the vertices of type 2 and 3 at distance 2 from the vertex v 1 and denote these sets by P 2 and L 2 , respectively.
Definition 5.9
Two vertices x 2 ∈ P 2 , x 3 ∈ L 2 are adjacent, x 2 ∼ x 3 , if the configuration in Figure 5 , where the colours of the vertices indicate the type, exists in the building.
Figure 5: Adjacency in the Hjelmslev plane of level 2
We will give an explicit construction of the Hjelmslev plane in the case of a building X of typeÃ 2 admitting a panel-regular lattice Γ. Denote the vertex stabilisers of the vertices v α by S α , these are Singer groups in the corresponding vertex links. For every vertex v α , the link lk X (v α ) is a projective plane of order q, where call the vertices of type α + 1 (mod 3) lines and the vertices of type α + 2 (mod 3) points.
For each of these projective planes, we construct a difference set D α with respect to the points and lines given by the other vertices of c 0 , respectively. We take the description of the building from Corollary 5.7 and prove a simple lemma.
Lemma 5.10 We have
• If g, h ∈ S 3 and (gv 1 , hv
Proof We will only prove the first claim, the other two are analogous. If (v 1 , hv 2 , f v 3 ) is a triangle, then so is (v 1 , f −1 hv 2 , v 3 ) which we obtain by multiplying with f −1 . Since S 1 -translates of v 2 correspond to lines in the projective plane lk X (v 1 ) by the definition of the difference set D 1 , the line f −1 hv 2 is incident to the point v 3 if and only if f −1 h ∈ D 1 .
Lemma 5.11
We have
as well as
Proof The first claim is obvious, since S 1 acts regularly on points and lines of the projective plane lk(v 1 ). The second claim is a simple consequence of Lemma 5.10 -the vertex t 2 v 3 is not adjacent to v 1 if and only if t 2 ∈ D 2 , and similarly for s 3 .
Adjacency in the Hjelmslev plane is relatively complex to describe but becomes manageable for cyclic Singer groups. The following observation will be used frequently in this section: From the presentation of Γ in Theorem 5.6, we see that for d 1 ∈ D 1 , there are always 
where e 1 (n −1 2 d 2 )e 3 = 1 for some elements e 1 ∈ D 1 and e 3 ∈ D 3 .
Note that the elements e 1 and e 3 exist since n 2 ∈ d 2 D −1 2 . If the lattice arises from cyclic Singer groups S α = σ α , α ∈ {1, 2, 3}, as in section 5.3 and if the associated unordered difference sets ∆ α = ∆ are all equal, we obtain:
Proof Assume that s 1 s 3 v 2 ∼ t 1 t 2 v 3 . Then there must be an element n 2 ∈ S 2 such that we have the configuration of Figure 6 in X. We will now investigate the triangles in the order given by roman numerals and apply Lemma 5.10 repeatedly to obtain the required relations. Since (v 1 , t 1 v 2 , s 1 v 3 ) form triangle I, we obtain
The configuration in the proof of Lemma 5.12
There are hence elements d 2 ∈ D 2 and d 3 ∈ D 3 such that (s 
, which again by Lemma 5.10 yields
and there are hence elements e 1 ∈ D 1 and e 3 ∈ D 3 such that e 1 (n −1 2 d 2 )e 3 = 1. For the last triangle IV, we first write t 1 n 2 v 1 = t 1 n 2 e 3 e 3 v 1 , s 3 v 2 , v 3 ) .
We can now apply Lemma 5.10 again to obtain
By assembling equations (1), (2), (3) and (4), we obtain conditions (C1) and (C2). For the reverse direction, observe that (C1) and (C2) imply directly that the configuration of Figure 6 exists in the building. The second claim is then a simple calculation.
There is an obvious projection 
Lemma 5.13 (Lemma 8.1 in [CMSZ93b]) For p, p ∈ P 2 consider the images ψ(p) and ψ(p ). If ψ(p)
Proof With the same notation as in Lemma 5.12, we choose an element
This is always possible for cardinality reasons, since q 2 + q + 1 > 2q + 2 for q ≥ 2. The map ι is given by
This map preserves incidence by Lemma 5.12, since for any j 1 , k 1 , the set
has exactly one element, which corresponds to the intersection of lines in the projective plane lk X (v 1 ).
Definition 5.15 (Section 8 in [CMSZ93b
2 incident with both p and p is already contained in L and if the same condition holds with points and lines exchanged. The substructure generated by a set P ⊂ P 2 is the smallest substructure containing P .
We will use the following characterisation to distinguish spheres of radius 2 in buildings of typeÃ 2 by Cartwright-Mantero-Steger-Zappa in [CMSZ93b] . • If K = Q p , the substructure of the Hjelmslev plane generated by the set of points
• Otherwise, the substructure generated by the set of points {p 1 , . . . , p 4 } is a projective plane of order p.
Corollary 5.17 The panel-regular lattices constructed out of cyclic Singer groups with identical difference sets cannot be contained in the building associated to PSl 3 (Q p ).
Proof Take any four points p 1 , . . . , p 4 in (P, L, F) such that no three points are collinear. Then ι(p 1 ), . . . , ι(p 4 ) satisfy the conditions of Proposition 5.16. But by Lemma 5.13 and by Proposition 5.14, the substructure generated by these four points is exactly im(ι), which is a projective plane of order p. By Proposition 5.16, if the building X is associated to PSl 3 (K), then necessarily K = Q p .
Remark Conjecturally, these very simple lattices should be contained in Sl 3 (F p ((t))). It might be possible to prove this by investigating the structure of all Hjelmslev planes of all levels and prove a splitting lemma for every step. This seems tedious and difficult, however. Surprisingly, we have not found any realisation of such a lattice in Sl 3 (F p ((t))) for p = 2 yet.
Lattices in buildings of typeC 2
In this section, we will construct lattices in buildings of typeC 2 . This will be done using the slanted symplectic quadrangles discussed in section 3.3. We will give two different constructions of panel-regular lattices in buildings of typeC 2 .
Situation Fix a prime power q > 2, and set J = {0, 1, . . . , q + 1}. Let I and I be two copies of the slanted symplectic quadrangle of order (q − 1, q + 1). For the quadrangle I, we fix a point p and denote the set of lines through p by L. The set of flags F is given by F = {(p, l) : l ∈ L}. The associated Singer group will be denoted by S, the line stabilisers by S l for lines l ∈ L. We fix the same objects for I and add a prime to the notation.
Lattices acting regularly on two types of panels
Since q determines the quadrangle and the Singer group uniquely up to isomorphism, there is a bijection between the sets of line representatives L and L and the corresponding line stabilisers S l and S l are pairwise isomorphic. We endow |Y| with a locally Euclidean metric as follows: Let ∆ be the geometric realisation of one triangle in the affine Coxeter complex of typeC 2 . For each j ∈ J, we map the subcomplex spanned by {v, v , w, e, e , e j , f j } onto the barycentric subdivision of ∆ in the obvious way and pull back the metric. We obtain a locally Euclidean metric on |Y|. In particular, the angles at the vertices v and v are π/4, the angle at w is π/2.
Construction
E(Y) := {w ← e, w ← e , v ← e, v ← e } {v ← e j , v ← e j : j ∈ J} {v ← f j , v ← f j , w ← f j : j ∈ J} {e ← f j , e ← f j , e j ← f j : j ∈ J}.
Proposition 6.1 The complex of groups G(Y) is developable.
Proof The proof is analogous to the one of Proposition 5.1. By construction of the complex, the geometric links in the local developments at v, v and w are Z(I), Z(I ) and the scwol associated to a complete bipartite graph of order (q +2, q +2). In particular, they are CAT(1) by Proposition 4.3. The local developments of the edges e and e are the same as the closed stars in Y: (q + 2) 2-simplices glued along one edge. For the edges e j , the local development is isometric to q triangles glued along one edge. The local developments of the vertices f j are just flat triangles.
By Proposition 1.12, the complex of groups G(Y) is non-positively curved and hence developable by Theorem 1.10.
Proposition 6.2
The fundamental group Γ = π 1 (G(Y)) admits the following presentation:
As in the proof of Proposition 5.2, the group is generated by S, S , c and group elements for each edge not contained in T . Consider, however Figure 8 showing one triangle in Y.
As before, edges in T are drawn black, the other edges are drawn dotted. Group elements g written on an edge a indicate that k a = g. From the presentation in Definition 1.3, one can see that all additional relations are of the form stated in the result. 
Proof
The proof is analogous to the one of Theorem 5.3, using Proposition 4.3 and Theorem 2.6.
Remark Except for the slanted symplectic quadrangle W (3)
♦ , all Singer quadrangles are necessarily exceptional. Hence, except for possibly this case, all buildings constructed in this way are exceptional buildings of typeC 2 .
It is not hard to see that c|c q+2 = 1 can be replaced by any group C of order q + 2. In the above presentation, the term c j has to be replaced by an arbitrary bijection J → C.
Finally, we also have a very explicit description of this building as the flag complex over the following graph
which could be used to study these exotic affine buildings. Instead, we will focus on the two cases where we obtain relatively simple presentations of these lattices.
The prime case
If q = p is prime, we have very simple presentations of the Heisenberg groups S and S . 
Then Γ is a uniform lattice in a building of typeC 2 , where all vertex links which are quadrangles are isomorphic to the slanted symplectic quadrangle of order (p − 1, p + 1).
Proof This is a direct application of Theorem 6.3.
The abelian case
If q is even, then the associated Singer groups S and S are isomorphic to F 3 q . We write J = {0, 1, . . . , q + 1} and fix two bijections
We write
T and S 0 = F q (0, 0, 1) T for the line stabilisers in S as in Theorem 3.10 and add a prime for the respective groups in S . Finally, we fix isomorphisms of abstract groups ψ j , ψ j : Z/q → S λ(j) , S λ (j) for any j ∈ J.
Theorem 6.5 Consider the group Γ given by
Then Γ is a uniform lattice in an exotic building of typeC 2 , where all vertex links which are quadrangles are isomorphic to the slanted symplectic quadrangle of order (q − 1, q + 1).
Proof Again, this is a simple application of Theorem 6.3.
Lattices acting regularly on one type of panel
In this section, we will consider lattices acting regularly on only one type of panel in a building of typeC 2 . We will concentrate on the simpler case where the type of this panel corresponds to the two extremal vertices in theC 2 -diagram. As before, let I and I be two slanted symplectic quadrangles of the same order (q − 1, q + 1) and let S and S be the associated Singer groups. Pick points p and p and denote the sets of lines incident to p and p by L and L , respectively. Then F = {(p, l) : l ∈ L} and F = {(p , l ) : l ∈ L } are sets of flag representatives. Figure 9 illustrates this scwol for q = 3.
We construct a complex of groups G(Y) over Y by setting the vertex groups to be
All other vertex groups are trivial. The inclusions are the obvious ones. All twist elements are trivial, so G(Y) is a simple complex of groups. We endow |Y| with a locally Euclidean metric as follows: Let ∆ be the geometric realisation of one triangle in the affine Coxeter complex of typeC 2 . For each j ∈ J, we map each subcomplex spanned by {v, v , v j , e, e j , e j , f j } onto the barycentric subdivision of ∆ in the obvious way and pull back the metric. We obtain a locally Euclidean metric on |Y| with angle π/4 at the vertices v, v and with angle π/2 at the vertex v j . Lemma 6. 6 The local development Y(ṽ j ) is isomorphic to the cone over the barycentric subdivision of a complete bipartite graph of order (q, q). The geometric link lk(ṽ j , st(ṽ j )) is hence isometric to the barycentric subdivision of a generalised 2-gon, in particular a connected, CAT(1) polyhedral complex of diameter π.
Proof
We abbreviate H = S λ(j) , F = S λ (j) and G = H × F . We have Y(ṽ) = {ṽ} * Lkṽ j (Y) by the definition of the local development, where V (Lkṽ j (Y)) = {(gH, e j ) : g ∈ G} {(gF, e j ) : g ∈ G} {(g, f j ) : g ∈ G} ∼ = F H G E(Lkṽ j (Y)) = {(g, e j ← f j ) : g ∈ G} {(g, e j ← f j ) : g ∈ G}, which is easily seen to be the barycentric subdivision of a complete bipartite graph on the vertex set F H. The rest of the argument is analogous to the proof of Proposition 4.3. The universal cover X of this complex of groups is a building of typeC 2 , and Γ is a uniform lattice acting regularly on one type of panels of X .
Proof This proof is analogous to the proofs of Proposition 6.1 and Theorem 6.3, where we use Lemma 6.6 for the local developments at the vertices v j .
In the next two small sections, we will make this explicit in the cases where we have simple presentations.
The prime case
If q = p is prime and if we start with two slanted symplectic quadrangles I, I of order (p − 1, p + 1) with corresponding Heisenberg groups S, S with respective generator pairs x, y and x , y , the sets of line representatives L and L can be parametrised by PF Proof This is a direct application of Theorem 6.7.
The abelian case
If q is even, then the associated Singer groups S and S are isomorphic to F 3 q . In this case, we obtain a very simple presentation:
Let J = {0, 1, . . . , q + 1} and fix two bijections λ, λ : J → PF Proof Again, this is a direct application of Theorem 6.7.
Remark Note that this is a finitely presented group generated by involutions such that all other relations make elements commute. It would be very interesting if one of these groups were a right-angled Coxeter group, but this seems very unlikely.
Property (T)
Even though most of these buildings are necessarily exotic, the lattices have automatically property (T).
Proposition 6.10 (Żuk) All cocompact lattices in buildings of typeC 2 have property (T) if the order of the generalised quadrangles which appear as vertex links is not (2, 2). In particular, all lattices we construct here have property (T).
Proof See [Żuk96] . A more detailed exposition can be found in [BdlHV08] .
Group homology
We will calculate group homology of the lattices we have constructed using the action on the building. Remember that a group action on a polyhedral complex is said to be without inversions if every setwise stabiliser of a polyhedral cell stabilises the cell pointwise. The actions of the lattices we have constructed are obviously without inversions, since the lattices act in a type-preserving fashion. 
In particular, we have E Since cyclic groups are abundant in the construction of our lattices, we need the following simple result. 
Group homology of lattices in buildings of typeÃ 2
We will calculate the full group homology of the lattices generated by cyclic Singer groups which we have constructed in section 5.3. The abelianisation can be calculated directly.
Proposition 7.4 Let Γ 1 be a lattice constructed as in Theorem 5.8 using a classical projective plane of order q and three ordered classical difference sets δ 1 , δ 2 and δ 3 . We have H 1 (Γ 1 ) = s 1 , s 2 , s 3 (q 2 + q + 1)s 1 = (q 2 + q + 1)s 2 = (q 2 + q + 1)s 3 = 0 δ 1 (j)s 1 + δ 2 (j)s 2 + δ 3 (j)s 3 = 0 ∀j ∈ J .
In particular, Γ 1 is perfect if and only if the (q ×3)-matrix D = (δ j (i)) i,j over Z/(q 2 +q +1) has full rank in the sense of [Bro93, Chapter 4] .
Proof Since H 1 (Γ 1 ) is isomorphic to the abelianisation of Γ 1 , we just have to abelianise the presentation from Theorem 5.8. The resulting group is the kernel of the linear map (Z/(q 2 + q + 1)) 3 → (Z/(q 2 + q + 1)) q described by D. In particular, by [Bro93, Theorem 5.3], the kernel is trivial if and only if D has full rank. 
